The aim of this paper is to propose a stabilization technique in order to circumvent the two inf{sup conditions needed for stability of the discretization of the Three Fields Formulation for domain decomposition methods BM93, BM94]. Realization of this technique in terms of wavelets is presented. Furthermore, the resulting discrete problem is shown to admit an asymptotically optimal preconditioner also based on wavelets.
Introduction
In this paper we deal with domain decomposition of elliptic problems by the Three Fields Formulation, developed in BM93, BM94] . Di erently from other non-conforming formulations BMP94, Dor89] of domain decomposition, weak continuity is not imposed by requiring that the jump across the interface is orthogonal to a suitable multiplier space, but by introducing the space of traces of functions in H 1 ( ) on the interface . The This work has been supported partly by the DAAD{Vigoni Project \Multiscale Methods for Partial Di erential Equations" and by the EC-TMR Network \Wavelets and Multiscale Methods in Numerical Analysis and Simulation", n. ERB FMRX CT98 0184.
elements of are to be used as a Dirichlet boundary condition | imposed by means of Lagrange multipliers | for the functions in the subdomains.
Existence and uniqueness of the solution of the resulting variational domain decomposition formulation of a given elliptic second order partial di erential equation relies on the validity of two inf{sup conditions relating the interface trace space with the space of Lagrange multipliers, and the latter with the space of functions in the subdomains. By applying a Schur complement technique, the solution of such a problem can be reduced (both at the continuous and at the discrete level) to the solution of an equation on the \trace" unknown, corresponding to the Steklov{Poincar e operator. Computing the action of such an operator on a given function reduces to solving independent Dirichlet problems on the subdomains, a task which can be carried out in parallel.
Clearly, in order to design e cient solvers for this domain decomposition formulation there is the need of a good preconditioner for the interface problem. The Steklov-Poincar e operator is a rst order elliptic operator, and it is well known that if the \trace" space is discretized by means of suitable wavelet functions, there exist asymptotically optimal diagonal preconditioners.
On the other hand, in order for the discrete problem to be well posed, the approximation spaces used for discretizing the functions in the subdomains, the Lagrange multipliers, and the \traces", respectively, need to satisfy suitable compatibility conditions, whose fulllment is not always straightforward. The use of wavelet type bases on the interface would then put some heavy restrictions on the choice of the discretizations in the subdomains.
This seriously limits one of the main advantages of this formulation: the possibility to use in principle very di erent discretizations on each subdomain.
One possibility is to circumvent such restrictions by applying a stabilization technique ( BFHR97] ). Di erent stabilization techniques for the three elds domain decomposition method have been proposed in BBM92, BFMR97] . In choosing here a speci c stabilization technique, one has to keep in mind the goal of being able to apply in the end a wavelet preconditioner to the discrete interface problem. This leads us to dismiss the techniques proposed in BBM92], for which the stabilized operator is continuous and coercive with respect to two non equivalent norms, whereas wavelet preconditioners apply to operators satisfying hAv; vi kvk 2 ; that is, stability and continuity are required with respect to the same norm.
The stabilization technique we propose here consists in adding a residual term, measured in a natural scalar product (of type H 1=2 ( )). Such stabilization acts only on the interface unknowns, without changing the problems in the subdomains. Therefore, in the implementation of such formulation one can use one's favorite solver for the problem in the subdomains without any need for modi cation. Moreover, we show that, under very mild compatibility conditions on the Lagrange multiplier spaces | which can basically be reduced to asking that each multiplier space contains the space of piecewise constants on the coarse grid composed by the \elements" @ k \@ `| if stable discretizations are used for each of the subdomain problems, the stabilized formulation is boundedly invertible for any choice of the discretization for the \trace" space.
Also for this formulation the solution can be reduced to the inversion of a SteklovPoincar e type operator, which is shown to be continuous and coercive with respect to the natural norm on the \trace" space. Then, wavelet preconditioners can be applied, provided wavelet bases exist which induce on such a space an equivalent norm, expressed in terms of the wavelet coe cients.
In Section 2 we introduce the new continuous stabilized formulation for the considered problem. In Section 3 the discretization of such a problem is discussed with particular emphasis on the use of wavelet bases for the interface problem, for which an asymptotically optimal preconditioner is described.
Di erent constructions of biorthogonal wavelets by conforming domain decomposition techniques CM98, CTU99, DS97, DS98] are available, for which one can prove that the above mentioned norm equivalence holds DK98a], and which are then well suited to be applied in our case. Anyway, for our purpose we can also make use of a simpli ed construction which can be implemented by using only the Fast Wavelet Transform on ]0; 1 . For completeness we describe this construction in Section 4. Existence and uniqueness of the solution of (2.3.3) can be proven by applying the classical theory for saddle point problems. In fact, we recall that the following theorem holds. By choosing such that 0 < < 2C 0 , it follows that (3.1.5) holds for 2 = minfC 0 ?
=2; =2g.
Let us now prove that a discrete inf{sup condition holds on Z h h . 
The bound (3.1.2) implies that the operator (B k
We can then write 
Solving the Discrete Problem
We now consider the linear system stemming from the discrete problem (3.1.1). Again, the solution of such a system can be reduced to the inversion of the discrete Steklov-Poincar e operator. In fact, for h 2 h given, the problem of nding (u h ; h ) 2 V h h satisfying equation of (3. By choosing in such a way that (1?c 2 =2 ) > 0 and in such a way that (C 0 ? c 2 =2) > 0, we thus get coercivity.
Preconditioning the Schur Complement
The fast and e cient solution of the discrete problem (3.2.2) relies on the performance of a good preconditioner. Based on a wavelet basis for , one can construct discretization spaces h and asymptotically optimal diagonal preconditioners for the discrete linear There are by now a number of constructions of such biorthogonal wavelets CM98, CTU99, DS97, DS98] that can be applied to the present setting. For completeness we will brie y describe in Section 4 a particularly simple construction which, in the twodimensional case, is su cient for the present purpose. (ii) ( h ; h ) 0 ; ;J > k k 2 0 for all h in h .
It is then easy to see that the arguments of Section 3 carry over to the case where the bilinear form ( ; ) 0 in (3.1.1) is substituted by ( ; ) 0 ; ;J . In particular, for the \totally discrete" problem thus obtained, all the results of Section 3 (existence and uniqueness of the solution, error estimate, preconditioning for the Schur complement) hold.
Wavelets
Let now IR 2 , i.e., will be the union of one dimensional segments. The aim of this section is to describe a simple construction of biorthogonal wavelets ;~ satisfying (P1){(P3). The idea like in CTU99, DS97] is to start from a pair of su ciently regular biorthogonal multiresolution analyses (MRA's) for L 2 (]0; 1 ) and to assemble them in a suitable way in order to obtain a MRA for L 2 ( ) ( L 2 ( n I n ), I n ]0; 1 ). In all of the above mentioned papers great care is taken in order to obtain continuous functions on both the primal and the dual side, and the constructions given there are perfectly well suited to be used in our framework. However, continuity on the dual side is not strictly necessary for our purpose, so that a simpli ed version of the above mentioned constructions can be used. For completeness we report now the details of such a construction. We follow here the approach of DS97], which we simplify by giving up any continuity requirement on the dual side. For the sake of simplicity, we start by considering the interval ]0; 2 which we decompose as the closure of ]0; 1 ]1; 2 , and then we will brie y sketch the generalization to = n I n .
As already done in the previously mentioned papers, we start with a pair fT 1 j g, fT 1 j g of biorthogonal multiresolutions for L 2 (]0; 1 ) with corresponding (biorthogonal) generator
bases DKU99] for which we assume that they satisfy the following properties:
(G1) the increasing sequences By a simple translation we can obtain a couple of MRA's for L 2 (]1; 2 ), which we will denote by fT 2 j g; fT 2 j g, with generators ' 2 j ,' 2 j , satisfying properties (G1){(G5) on ]1; 2 .
We can then de ne T j H 1 (]0; 2 ) as The two projectors P 1 j and P 2 j;0 are respectively de ned on L 2 (]0; 1 ) and on L 2 (]1; 2 ).
In the following, for the sake of simplicity, for any f 2 L 2 (]0; 2 ) we will write P 1 j f and P 2 j;0 f for P 1 j (fj ]0;1 ) and P 2 j;0 (fj ]1;2 ). At the same time, for any function f in L 2 (]0; 1 ) or in L 2 (]1; 2 ) we will also denote by f 2 L 2 (]0; 2 ) its trivial extension by zero. We can now de ne the projectors P j : L 2 (]0; 2 ) ! T j by P j f := E j P 1 j f + P 2 j;0 f:
It is easy to see that P j can be computed as Remark 4.1 By construction, the extension operator E j and the projector P 2 j;0 satisfy P 2 j;0 E j = 0. By taking suitable linear combinations of the dual generators ' 2 j , other projectors could be de ned with better properties, which can substitute P 2 j;0 as de ned in (4.23).
Then, the projector P j should be de ned as P j f := E j P 1 j f + P 2 j;0 (f ? E j P 1 j f):
However, the projector from (4.24) is su cient for our purpose, and the above relation between E j and P 2 j;0 simpli es the following arguments.
Remark 4.2 The operator P j in (4.24) has the following properties:
(ii) P j is bounded on L 2 (]0; 2 ). Lemma 4.4 The projectors P j satisfy P`P j = P j P`= P j for all`> j:
(4.28)
Proof: We rst observe that we have P 1 j P 1 = P 1 j and P 2 j;0 P 2 ;0 = P 2 j;0 . The rst relation P`P j = P j for`> j follows obviously from Remark 4.2(ii). As for showing P j P`v = P j v for`> j and any v 2 L 2 ( ), we rst observe that P`vj ]0;1 = P 1 v. This yields E j P 1 j (P`v) = E j P 1 j (P 1 v) = E j P 1 j v:
Moreover, one has P 2 j;0 E`P 1 v = P 2 j;0 P 2 ;0 E`P 1 v = 0; where the last equality is derived from the identity P 2 ;0 E`= 0 which is a consequence of biorthogonality. Then we have P j (P`v) = E j P 1 j (P`v) + P 2 j;0 (E`P 1 v + P 2 ;0 v) = E j P 1 j v + P 2 j;0 v = P`v: If we then consider the skeleton of our domain decomposition method, which we regard as the union of segments = n I n , we can build a multiscale analysis by choosing for all cross point x one of the edges having x as a vertex, which will be considered as the conformal image of ]0; 1 | x being the image of 1 | while all the other segments having x as a vertex will be treated as the image of ]1; 2 (again x being the image of 1), as illustrated in Figure 1 . We will thus obtain a couple T j ( );T j ( ) of biorthogonal multiresolutions of L 2 ( ) (with corresponding generators ' j ( );' j ( ), projectors P j ;P j , and wavelets ( );~ ( )), satisfying homogeneous boundary conditions on @ = \ @ . We want to point out that the implementation of the Fast Wavelet Transform on L 2 ( ) can be easily carried out by using the FWT's corresponding to the MRA's T i j ;T i j and T i j;0 ;T i j;0 Dah97], coupled with the extension operator E j which has a very simple structure. For T j ( );T j ( ) Bernstein and Jackson inequalities will hold | the Sobolev spaces H s on being de ned according
to JW84] | with the usual modi cations due to the homogeneous boundary conditions Thanks to the L 2 ( ) stability of the wavelet basis j , we then obtain a norm equivalence of the form (3.3.4).
Conclusion
We presented a new stabilized formulation for the Three Fields domain decomposition method, introduced in BM93]. Thanks to the stabilization, the discretization space for the interface variable can be chosen completely independent from the discretizations in the subdomains, provided the latter satisfy some mild compatibility condition.
This allows to discretize the interface by means of wavelet bases, without need of using wavelet functions in the subdomains. The discretization in the subdomains is regarded here as a \black box" which is not a ected by the stabilization term.
Wavelet preconditioners can then be applied for the Steklov-Poincar e operator, for which we show asymptotically optimal (in terms of the mesh size on the interface) bounds on the condition number.
The results are complemented by the brie y described construction of a wavelet basis on the skeleton which can be viewed as a simpli cation of the constructions in CTU99, DS97]. The above results apply to such wavelet basis, which is particularly easy to implement. The stabilization proposed is based on the computation of an equivalent scalar product for the space H 1=2 (@ k ). Also this task can be performed by means of wavelets. It is our opinion that a suitable coupling of the wavelets used for stabilizing with those used for discretizing the interface variable can result in a particularly simple form for the stabilizing term. This will be exploited in a future work in order to design e cient numerical schemes.
